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1 Derive the wave equation for a string that moves
in a medium. ..

Derive the wave equation for a string that moves in a medium in which the resistance
force between the string and the medium is proportional to the velocity of the string.

Solution. Since the resistance force between the string and the medium is proportional
to the velocity of the string, take the resistance on a unit length of string as R = —fuy,
where (3 is the positive damping coefficient.

Applying the string micro-piece model with the tension T'(¢) of the string and the
external force F'(z,t) exerted on the string

[ et = [ 2O [ i [ b

z1 z1 ax z1 z1

It is not hard to deduce the equation
p(x)ug(z,t) = T(t)uge(x,t) — Pug(z, t) + F(x, 1),
then, dividing by given constant p(z) as density distribution of the string, we have
Uy = a*Ugy — buy + f(2,1), € (0,1), t € (—00,+00)

where b = 3/p(x), a* =T(t)/p(x) and f(z,t) = F(z,t)/p(x).

2 Solve the following initial-boundary value prob-
lems for the wave equation.

(1)

utt—4um:0, x € (0,1), t€R7
u(0,t) =0=u(l,t), teR,
u(z,0) = sin(nz), u(x,0) =sin(drx), x € (0,1).

Solution. Assume u(x,t) = X (z)T'(t),

X// Tl/

X -

The corresponding eigenvalue problem of X is

{X”(x) +AX(2) =

Xn(z) =sin(nmx), n=1,2,---
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The corresponding ODE of T is T,/ (t) + 4\, 1,,(t) = 0 and the general solution is given
by
T.(t) = a, cos(2nmt) + b, sin(2nnt), n=1,2,---.

By the initial condition u(zx,0) = sin(rz) and 7,,(0) = ay,
sin(mrz) = ZXn(x)Tn(O) = Zsin(mmc) can = a; =1, ap>2 =0,
n=1 n=1
and by the initial condition w(x,0) = sin(4nz) and 7} (0) = 2nwb,,

o oo 1
sin(4rx) = ZXn('T)T;L(O) = Zsin(mrx) 2nmwh, = by = e bnzs = 0.
7r
n=1 n=1
Thus,
1
u(z,t) = cos(2nt) sin(mz) + P sin(87t) sin(4mx).
T

(2)
Uy — Uy, =0, x€(0,1), t €R,
uz(0,t) =0 =wu,(1,t), teR,
u(x,0) =z, u(x,0) =0, x€(0,1).

Solution. Assume u(x,t) = X (x)T'(t),
X// T//

X _azT:

The corresponding eigenvalue problem of X is

X"(z)+2X(x) =0
X(0) =0, 2(1) =0

then the eigenvalue and eigenfunction are given by
Ay =021, n=0,1,2,---,

Xn(x) = cos(nmx), n=0,1,2,---.

The corresponding ODE of T is T)/(t) + a?*X\,T,,(t) = 0 and the general solution is given
by
To(t) = ao + bot,

T,(t) = a, cos(annt) 4+ b, sin(annt), n=1,2,---

By the initial condition u(z,0) = z,

r = ZXn(x)Tn(O) =ap+ Z a, cos(nmx),

n=1
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1

pum d e
ao /OSL‘$ 2

9 1
a, cos(nm) = I/ x cos(nmx)dr = 2
0

2(—1)" — 2

n2m2

mnsin(mn) + cos(mn) — 1

m2n2

= a, = n=12,---,

?

and by the initial condition u(z,0) = 0,

0= ZXn(x)T,'L(O) = by + anamr cos(nmx) =0b,=0, n>0.
n=0 n=1

Thus,
1 —2(-1)" -2
u(z,t) ==+ E %Cos(amrt) cos(nmz).
n’m
(3)

Uy — a*Uyy = 0, 7 € (0,1), t € R,
u(0,t) =0, u,(1,t) =1, teR,
u(z,0) =0, u(x,0) = cos(nz), x € (0,1).

Solution. To transform non-homogeneous boundary conditions into a homogeneous, let
u(z,t) =U(z,t) +w(z,t) = Uz, t) =u(z,t) —w(x,t)
and we should choose w(z,t) for the following
U(0,t) = —w(0,t), Ug(0,t) = u,(1,t) —w,(1,t) =1 —w,(1,%)

s.t. each of them equals to zero. Here, we may take w(zx,t) =z so U(zx,t) = u(z,t) — x,

then there is
Utt—CLQwa:O, S (0,1), tER,

U(0,8) =0, Up(1,{) =0, t€R,
U(x,0) = —z, Uy(x,0) = cos(mx), x € (0,1).

To solve this problem, we can start the routine now. Assume U(z,t) = X (z)T(t),

X// T//
S
X a?T

The corresponding eigenvalue problem of X is

X"(z) + AX(z) =0
X(0) =0, X'(1) =0

then the eigenvalue and eigenfunction are given by

2
)\n:<n7r+g) , n=20,1,2,---
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Xn(x):sin<<mr+g>x>, n=20,1,2---

The corresponding ODE of T is T (t) + a*\,T,,(t) = 0 and the general solution is given
by

T.(t) = a, cos (a (mr%—g) t) + b, sin (a <n7r+g) t), n=0,12---.

By the initial condition U(zx,0) = =,

—r = an(x)Tn(O) = i ay, sin ((mr + g) x)

! . 7T n+1 2
:>an:—2/0 x81n<(n7r+§)x)dx:(—1) + my n=0,1,2---.

and by the initial condition Uy(x,0) = cos(mz),
= T
—S", 1/2)7si ( —)
coS T ; a(n +1/2)7sin (nw + 5) ¢

= b, = m/o cos(mx) sin <<n7r + g) a:) dz
8

- ar?(4n? + 4n — 3)’ n=012---.
Thus,
Uz, t) = ; (an oS (a (mr + g) t) + by, sin (a (mr + g) t)) - sin <(n7r + g) x)
so that - )
u(x, t) = ; (((—1)"“m) oS (a (mr + g) t)

(i) o 7 5)0) (o))

3 Solve the Cauchy problem.

Uy — Uz, =0, xE€R, tER,
u(z,0) = e w(z,0) =sin(z), zeR.

Solution. By d’Alembert’s Formula, with ¢(z) = e*" and 1(z) = sin(z),

(6(z + at) + éz — at)) + — / T s)ds

2& —at

DN | —

u(z,t) =

1 2 S A

r—at

1
(e_(x_“t)Q + 6_(”‘”)2) +5. (cos(x — at) — cos(x + at)) .
a

| —
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4 Solve the Cauchy problem.

Uy — a’uyy =0, 7 E€R, tER,
u(z,0) =0, u(z,0) =¢(x), z€R,

where

b(x) = { 1, |z| <a,

0, |z|>a.
Sketch the graph of u vs x at times t = 1/2, 1, 3/2, 2.

Solution. By d’Alembert’s Formula, with ¢(z) = 0,

x+at
o) =5 @+ at) + oo —at) + 5 [ wls

r—at
(O, r—at>a
1 a
% ds, —a<x—at<a, a<zx+at,
a ),
1 xx-cil-tat
— ds, —a<x—at, x+at <a,
— 2161 maat
% ds, r—at < —a, a < x+ at,
aJ_
1 g—i—at
— ds, r—at< —a, —a<zx+at <a,
2a J_,
\O, r+at < —a
That is,
(0, r—at>aorx+at < —a,
a—x+at
g —a<z—at<a, a<z+at,
a
u(x,t) =< t, —a <x—at, v+ at < a,
1, z—at < —a, a <x+at,
r+at+a
Ty r—at < —a, —a<z+at <a.
\ a

The graphs of u vs x:
If ¢ = 1/2, then there is

p

0, x> 3a/2 or v < —3a/2,
— 3a/2
La/, a/2 < x < 3a/2,
u(zx,t) = 2a
1/2, —a/2 <z <a/2,
r + 3a/2
—_— —3a/2 <z < —a/2.
(" 20 a/2 <w<—af
u
1/2
3a ) 4 3a X
2 2 2 2




If t = 1, then there is

—x 4+ 2a
2a

u(z,t)

T+ 2a

T > 2a or x < —2a,
0 <z < 2a,
r=0

—2a <z <0.

N

If ¢t = 3/2, then there is

—x + 5a/2
2a

u(z,t) . ’
x + 5a/2

2a

)

\

2a

x >5a/2 or x < —5a/2,
a/2 < x < ba/2,
—a/2 <z <a/2,

—5a/2 <z < —a/2.

)

DO |

If t = 2, then there is

0,
—x + 3a
2a

)

u(x,t) .

T+ 3a
2a

\ ?

x > 3a or x < —3a,
a <z <3a,
—a <z < a,

—3a <z < —a.




5 Let u be a solution of the wave equation...Is it
possible that u(x,1) is smoother than u(x,0)? Is it
possible to have a maximum principle for the wave
equation?

Let u be a solution of the wave equation

Uy = Uz, T ER, tER.

Is it possible that u(z, 1) is smoother than w(z,0)? Is it possible to have a maximum
principle for the wave equation?

Solution.
(a) It is impossible that u(x, 1) is smoother than u(z,0) in .
Denoted the initial conditions as u(z,0) = ¢(x) and u(x,0) = ¥ (x), consider

uz(x,m:ﬁ(l (6(x) / s ) dcb( )7 (o) — PO

Ox \ 2 da?
then
e 1) = 5 (5 0+ 1) + 60— 1) / o(s)as)
’ Ox \ 2
x+1
_1dge+1)  1dgz—1) 19 (fx_l ¢<3)d3)
2 dx 2 dz 2 Ox ’
(o) = SO D) 1ol 1) 1 (ffff (8)d8>
B 2 da? 2 da? 2 dz2 '

And the derivatives of higher degrees are similar. We have that u(z, 0) is at least smooth

d*¢(z + 1)

P , k=1,2,--- promises the
x

as u(zx, 1), because (for all x € R) the existence of
q*
¢( ) , k=1,2,-

existence of

(b) There is no a maximum principle for the wave equation. Construct a counterex-
ample as following;:

Suppose that there is a maximum principle for the wave equation and wu(x,t) =
sin z sint is a solution for the wave equation in a rectangle (0, L) x (0,7) := (0, 7) x (0, 7),
where u,, = —sinzsint = uy. According to the maximum principle, the maximum of
u(z,t) is zero since

u(0,t) =0, wu(mt)=0, wu(z,0)=0, wu(z,m)=0,

T m
but in the rectangle there is u (—, —) = 1, which is a contradiction.

Besides, we also see that a solution for the wave equation may not satisfy the prereq-
uisite —Awu < 0, for above example

—AUu = —Upp —uy = 2sinzsint £ 0.
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6 Let u be the solution of...Show that if both ¢ and
Y are even functions, then so is u in x. Formulate
and prove the analog when both ¢ and ¢ are odd.

Let u be the solution of

Uy — a’uyy =0, 7 E€R, tER,
u(z,0) = ¢(x), u(x,0) = (), zeR

Show that if both ¢ and 1 are even functions, then so is v in . Formulate and prove the
analog when both ¢ and ¢ are odd.
(1) For Even Initial Conditions

We want to show that if both ¢ and v are even functions, then so is u in x
Even ¢(z) and ¢(x) give that ¢(z) = ¢(—z) and ¢(z) = ¢(—z). The associated
initial value problem for u(—z,t) is
(=2, t) — a*uge(—2,t) =0, z€R, tER,
u(—:c, 0) = ¢(—$) = ¢(x)7 ut(_xv 0) = w<_$) = w(l’), T € R,

and consider u(z,t)—u(—x,t) as a linear combination of two solution of the wave equation
S.t.

(u(z,t) —u(—mx,t)) = a® (u(z,t) —u(—x,t)), z€R, tER,
u(z,0) —u(—x,0) =0, u(x,0) —u(—2,0) =0, =z eR.

Clearly, a solution is u(x,t) — u(—z,t) = 0. Because the solution to the wave equation is
unique, it is the only required solution. Thus, u(z,t) = u(—=z,t), implying even u in z.

(2) For Odd Initial Conditions

We also have that if both ¢ and v are odd functions, then so is u in z.
Odd ¢(z) and ¥ (x) give that ¢(z) = —¢(—=) and ¢(z) = —1p(—xz). The associated

initial value problem for u(—z,1t) is

{Utt(_ZL‘, t) — a®ugy(—2,t) =0, 2 €R, tER,
u(—x,O) - (;5(—]}) = —¢($>, Ut(_xﬂ 0) - ¢(—$) - —1/}(1‘), YIS R7

and consider u(zx,t)+u(—x,t) as a linear combination of two solution of the wave equation
s.t.

(u(z,t) + u(—z,t)) = a® (u(z,t) + u(—z,t)), z€R, tE€R,
u(z,0) + u(—z,0) =0, u(x,0) + w(—2,0) =0, xR

Clearly, a solution is u(z,t) + u(—=z,t) = 0. Because the solution to the wave equation is
unique, it is the only required solution. Thus, u(z,t) = —u(—=z,t), implying odd u in z.
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7 (Principle of causality) Let u be a smooth solution
of the wave equation u; = u,,, € R, t > 0. Prove
that. ..

Let u be a smooth solution of the wave equation
Ut = Ugg, I'ER,tZO

Prove that for any (x¢, ) € (—00, +00) x (0, +00),

zotto—t q zo+to
/ = (uf +u2) (z,t)dz < / 3 (uf +u2) (z,0)dz, VO <t<t,.

o—to+t 2 xo—to

Hint: multiply the wave equation by u; and then try to re-write the equation in the form
Ft - Gx = 0

Integrate this equation and apply Green’s Theorem to the trapezoid bounded by the
x-axis, the characteristic lines passing through (zg, o), and the horizontal line ¢ = ¢.

Proof. Multiply the wave equation by u; as
UtUty = UtUgy

and rewrite in the form

0 fuup Uy 0 B
F,-G,= 815( 5 T ) — ax(utux)d:c—o.

Integrate this equation we have

Q

then by Green’s Theorem
55 < F;,—G, > ndS =0
o0

= / < F;,—G, > -anS+/ < F;,—G, > npdS +/ < F,,—G,>mnydS =0
R T M

and so ) )
/_(u§+u§)ds+/ <Ft,—Gx>-nMdS:/—(u?+ui)d8
T2 M R2

where (2 is the area bounded by the z-axis (denoted as R), the characteristic lines passing
through (zo,tp) (denoted as M), and the horizontal line t = ¢ (denoted as 7). Let
& = x — x¢, then it is not hard to deduce

1 (ur —ue)® | (up — u&)Q)
< F,,—G, > nydS = — + ds > 0.
/M ' i \/i/M( 2 2

Hence we end up with the inequality

To+to—t 1 ro+to 1
/ = (uf +u2) (2, t)dx < / 3 (uf +u2) (z,0)dz, VO <t<t,.

o—to+t 2 xo—to
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