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1 Derive the free Green’s function G(x) in 3-D.

Solution. We have the free Green’s function of Laplace equation
—AGy(x) =6(x), xR (%)

In 3-D case, note that d(x) is spherically symmetric about the origin. It is reasonable to
seek spherically symmetric solution:

Go(x) =F(r), r=|[x[
With Laplace operator in polar and spherical coordinates, we have

_@F 2dF 14 <2dF)

T Az rdr r2dr TE

d [ ,dFY\
I (7“ 3) = —r7(x),
F T
er— = —/ r25(x)dr
0
L /W/%/Té(x) 2 sin @drdpdd
- r* sin Odr
am Jo Jo Jo
3/
=—— d(x)dx
dr |x|<r
__L/// 5(x)d
- 47 R3 *)ex
1

Go (X)

Equation (x) leads to

T 4r
where €) is the spherical shell and the divergence theorem is applied.
dF 1 1
Now we have the ODE Py and its solution F'(r) = e C, where C'is a
r T o
constant. Since constant C' is a trivial solution of Laplace equation Au = 0, simply take
C = 0. Finally,

1

- 47|x|

GO (X)

2 A spherical shell with inner radius 1 and outer ra-
dius 2 has a steady-state temperature distribution

A spherical shell with inner radius 1 and outer radius 2 has a steady-state temperature
distribution u. Its inner boundary is held at 100°C'. Its outer boundary satisfies

ou _ _
an_ 7’

where v is a constant.
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(1) Find the temperature u. Hint: everything is radial and hence so is .

The steady-state temperature u follows the Laplace equation. With the Laplacian oper-
ator in spherical coordinates, we have

Au

2 sin? 68_1/12 N

0*u  20u 1 0 ( au) 1 0%

oz T ror | r2sinf00
Notice that the everything is radial and hence so is u. Then, the PDE simplifies to
d? 2d

u ¥ o

v T

dD 2
Since it is a first-order ODE for du/dr, rewrite the ODE as s + —D = 0 where D =
roor

C
du/dr. The solution is D = —21 where C is a constant. To determine C4, use the

’
boundary condition at the outer radius
Cy
Dljms = T -

d 4 4
thus C7 = —4~. Now we have & ——Z. The solution is u(r) = = + Cy where C5 is a
r

r r

constant. To determine C, use the boundary condition at the inner radius
u(l) =4 4+ Cy = 100

thus Cy = 100 — 4~y. Finally,

4
u(r) = L +100 -4y, 1<r<2.
r
(2) What are the hottest and coldest temperatures?

By the strong maximum (minimum) value theorem, the maximum and minimum temper-
atures occur at r = 1, r = 2. That is, if v > 0, the hottest temperature takes u(1) = 100
and the coldest temperature takes u(2) = 100—2v. And if v < 0, the hottest temperature
takes u(2) = 100 — 2y and the coldest temperature takes u(1) = 100.

(3) Can you choose 7 so that the temperature on the outer boundary is
20°C7

There is u(2) = 100 — 2y =20 = v = 40.

3 Suppose that u is a harmonic function in disk D =
{r <2} and that v =3sin(20)+ 1 for r =2 ...

Suppose that u is a harmonic function in disk D = {r < 2} and that v = 3sin(26) + 1
for r = 2. Without finding the solution, answer the following questions:
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(1) Find the maximum value of u in D;

For u = 3sin(20) + 1,60 € [0, 27), by the maximum principle, it is sufficient to consider u
on 0D:

max u =4
(r,0)€dD

when r = 2,0 = /4.

(2) Calculate the value of u at the origin.

By the mean value property

1 2m
u(0,0) = %/ (3sin(20) +1)do = 1.
0

4 Find the Green’s function G(M;M,) for Dirichlet
problem in the first quadrant of plane.

—AG =6(M — My) inQ={M = (z,y);z >0,y > 0},
Glz=0 =0, Gly=0 = 0.

Solution. We have the Green’s function for the whole plane

1
Go(x) = —%ln|x|.

and so ]
Go(x —x9) = —— In|x — x|
2m
Applying the method of images, shown in the figure,
Y
X2 Q. K Xp
= Y
xr O7y>0//\\ x>07y:0
/// \\\ d T
X03 ¢ s X04

since G(x;Xg) is identically equal to zero on the positive z-axis and y-axis, we have

G(X, X(]) = Go(X — X(]) — Go(X — ng) — Go(X — X04) + Go(X — X03)

where let x = (z,y) and x9 = (2,y0) s.t. Xo2 = (—Z0,%), Xo3 = (—Z0, —Yo) and
Xo4 = (@0, —¥0). Thus,
G(x;x9) = L In|x — xo| + L In |x — Xg2| + L In |x — xq4| — L In |x — X3
’ om om om om

_ b (@ = 20) + (y = 90)*) (2 + 20)” + (y + 0)*)

A (2 + 20)% + (y — o)) ((x — 20)* + (y +v0)?)
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5 Select a suitable method to solve the following
boundary value problems.

(1)

Au=0 inQ={M=(r0);0<r<R,0<6<2n},
u(R,0) = Acosb.
Solution. With the separation of variables, let the solution u(z,y) = R(r)©(#). By the
Laplace operator in polar coordinates,
7’2R’/ + rR’ e
DY T =y
—R ©

so we have
Q"(0) + \O(0) =
r?R"(r) +rR'(r) — AR(r) = 0.
The function ©(#) must be 27-periodic, as the boundary condition. The eigenvalues and
eigenfunctions are given by

Ap=n% n=012-,
©,(0) = A, cos(nf) + B,sin(nf), n=0,1,2,---
By solving the Euler’s equation, we have
Ro(r) =Co+ Dolnr, R,(r)=Cupr"+Dyr ™", n=12---.
That is, the solution can be written in the form of

u(r,0) = Co+ Dolnr + Z (Cor™ 4+ Dypr™™) (A, cos(nd) + B, sin(nd))

n=1

The solution u(r,#) must be continuous, and then bounded, at » = 0. Therefore the
coefficients D,, including Dy must be zero. Then

u(r,0) = Co + Z Cnr™ (A, cos(nd) + By, sin(nd))
-1

or rewrite the coefficients as

+Zr" an, cos(nd) + by, sin(nh)) .

n=1

%
2

By the B.C. u(R,0) = Acos¥, i.e. % + Z R" (ay, cos(n@) + by, sin(nh)) = Acos b

n=1
=0, n#l,

A
n — T - 17

a 7
b, =0, n=12,-
Hence, the solution is

u(r,0) = —=rcosf



(2)
Au=1 in Q={M=(r,0);0<r<R,0<0<2r},
u(R,0) = 0.
Hint: the region and B.C. are radially symmetric and hence the solution should be radially

symmetric.

Solution. Since the region and B.C. are radially symmetric, the solution should be radially
symmetric. That is, let u(r,0) = R(r) then we have

R"(r) + %R’(r) =1

2
The solution is R(r) = ¢; In(r) + ¢2 + TZ At r = 0, the continuous and bounded u gives

¢y = 0. By the B.C. u(R,0) =0

2 R2
02+Z:0 :>CQ__I.
Thus > 2
r
o=

(3)

Au = gTQSin(QG) inQ={M=(r0);0<r<R,0<6<2r},
u(R,0) =

Hint: For each fixed r, u(r, 6) is 2r—periodic function of # which can be expanded by the
eigenfunctions with 27-period B.C.. Thus u takes the form of

u(r, 0) )+ Z ) cos(n) + B, (r)sin(nd)) .

Solution. For each fixed r and with thinking of u as a 27-periodic function of 6, we can
write u(r, ) as a series involving A, cos(nf) + B, sin(nf),n =0,1,2,---,

u(r, ) )+ Z ) cos(nf) + B, (r)sin(nf)) .

Apply the Laplace operator in polar coordinates

Au= Al(r (<A” A;%T(T) - ”Q’i;‘(r)> cos(nd)
+ (B;;(r) + Bf";(?") - ”2’3;(”) sin(ne)) — éﬂ sin(26).
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Comparing both sides, we have that all the A, = 0, B,, = 0, except Ay and By which
must satisfy

Al
< 18(T) 0(r> Oa
y Bl (r 4By(r A
82 (7") 2r( ) :2< ) 5 7'2.

We are familiar with the solution of the Ag-equation as
Ap(r)=C+ Dlnr.

For the Bs-equation, the general solution for the corresponding homogeneous equation

B(r) 4B, (r)

By(r) + =0

T r

4
is given by c17? + cor~2 then with a particular solution =1 Ve have

Art
B — 2 —2 -
2(7’) ar ‘|‘CQ7” -+ o
w must be in the form

A 4
u(r,0) =C+ Dlnr + <01T2 + cr™? 4 i) sin(26).

At r = 0, the continuous and bounded u promises D = ¢, = 0. By the B.C. u(R, ) = 0,

4

A
C+<01R2+ i )sin(O)zO =C=0,

24
and
2 AR\ | 9 ARY\ |
CH |aR + sin(20) =0 =C=— (R + sin(20) =0
24 24
AR! AR?
2 - - _
=R+ Y 0 =0 oL
Finally,
AR*r?  Art\ |
u(r,0) = (— 54 + ﬂ) sin(26).
(4)
Au=0 inQ={M=(z,y);0<z<m0<y<m},

u(0,y) =0, u(m,y) = cos’y,
uy(2,0) =0, uy(z,m)=0.

Solution. With the separation of variables, let the solution u(z,y) = X(2)Y (y). By the
PDE,
X"(x)Y (y) + X(2)Y"(y) = 0
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and so

X'"(z) Y'(y)

X(x)  Y(y)
We have Y (y) +AY (y) = 0 and Y satisfies the Neumann B.C. Y'(0) = Y’(7) = 0. Thus,
the eigenvalues and eigenfunctions are given by

= —)\.

An:n27 n:O71727"'7

Y,(y) = cos(ny), n=0,1,2,---.

Besides, the solution of X" (z) — AX () = 0is X, (x) = 1™ + e ™, n=1,2,--- and
X,(z) = c1z + ¢o for n = 0. By the B.C. X(0) = 0, there must be ¢o = 0 for n = 0 and
cg=—cpforn=1,2---,1e.

Xo(z) = apr, X,(x)=a,(e"™ —e ).

Now we form

u(z,y) = ZXn(x)Yn(y) = aox + Z a, (€™ — e ") cos(ny).

To satisfy the B.C. u(m,y) = cos?y, it requires

aogm + Z an(e™™ — e ") cos(ny) = cos’y,
n=1

from which we have

/ agrdy = / cos® ydy = / +CL(y)dy =
0 0 0 2

| N
\
g
|
|

/ an(e"™ — e ") cos?(ny)dy = / cos? y cos(ny)dy = / H%(y) cos(ny)dy
0 0 0
4 2 ! 2
= —— n=
_ {77/ y TV ’ = q, = 2(627r _ 6—2%) ’ ’
0 ,n 7£ 2. 0 N % 2.
Hence,
1 (627r _ e—27r)
u(@,y) = 5o+ 2(e?m — o 2m) cos(2y)
1 n 1 (29)
= 5T+ 5 cos(2y).
(5)
Au = in Q={M=(z,y);0<z<a0<y<b},

u(0,y) =0, u(a,y) =0,
=0, u(x,b)=g(x).
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Solution. With the separation of variables, let the solution u(x,y) = X (z)Y (y). By the
PDE,
X'(@)Y (y) + X(2)Y"(y) =0

and so
X'(z)  Y'(y)

X(z)  Y(y)
We have X" (z) 4+ AX(x) = 0 and X satisfies the Dirichlet B.C. X(0) = X (a) = 0. Thus,
the eigenvalues and eigenfunctions are given by

2
>\n:<n_ﬂ-) ) n:1727"'a
a

= —)\.

X, (x) = sin (T%m» n=12---
Besides, a solution of Y (y) — AY (y) =0 is
Y. (y) = cncoshg —i—dnsinhnffy, n=12---.
Now we form

u(z,y) = g Xn(2)Y,(y) = i sin (@) (Cn cosh ? + d,, sinh @>

a a
n=1

where the coefficients a,, are given by

2 a
a, Y, (b) = —/ g(x)sin Y .
0 a

a

By the boundary condition
ou >, . /nmx nmw nmw > . /nmx
(6_y +u> - = ;sm <T) <cn7 . 0+dn; . 1) —{—;sm <T> (ch-1+d,-0)

S () (4 <)

n=1

the solution requires
nm
dp— + ¢, = 0.
a

Also,

a

u(z,b) = ;sin (?) (cn cosh nmb + d,, sinh nTﬂb) = g(z)
from which we derive

b b “
% (Cn cosh =2 4 d,, sinh ﬂ) = / g(x)sin (m) dz.
0 a

a a

Finally, the coefficients can be solved explicitly as

( 2 a
Cp = / g(x)sin <@) dz,
. ( ntb  a mrb) 0 a

cosh — — — sinh —
a nm a

sinh — — — cosh —
a a a

9 9 a
d, = / g(x)sin (@> dz.
" ( nmtb  nw h mrb) 0 a
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6 Find the solutions that depend only on r of the
Helmholtz equation —Au = A% in 3-D, where \ > 0
is a constant.

Solution. With the Laplacian operator in spherical coordinates, we have

O*u  20u 1 0 [, 0u 1 O )
— -—— 4+ - — 9. A9 — —\u.
or2  rodr  r?sinf 00 r2sin® 6 OY?

Au

To find solutions that depend only on the radial coordinate r, i.e. solution is spherically
symmetrical, it is sufficient to solve an ODE

d’uv 2du d’uv 2du
— =)\ —— 4+ I 4 Nu=0.
dr?2  rdr vo= dr2 + rdr +Au=0 (+)

Introduce a new function

s.t the original equation (%) becomes

1d%w 2dv+2v N
rdr2  r2dr 3

The general solution to this simplified second-order linear ODE is
v(r) = Asin(Ar) + B cos(Ar)

where A, B are constants to be determined. Returning to the original u, the solution is

given by
ul(r) = Asin(Ar) N Bcos()\r)'

r r

7 Show that there is no solution of. ..

Show that there is no solution of

Au=f inQ CR3
%:g on 0f).

/Qfdx - /andS.

/ fdx # gdsS. (%)
Q o9

unless

Proof. Suppose that
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By the definition we have

| sax = [ Auax

yg gdS = @dS = Vu - ndS.
o0 a0 On o0

and

However, we see that (x) deduces the solution u satisfying

/ Audx # Vu - ndS
) o9

which is contradictory to the Divergence Theorem. |

8 Let 2 be a bounded domain in R"” with smooth
boundary. ..

Let Q be a bounded domain in R" with smooth boundary. Consider Poisson equation
with Neumann boundary condition

—AGN(x;%X9) = 0(x —Xg), X €,
OGN (x;%p)

=const. C,x € 0.
on

(1) Find the value of const. C' such that the above boundary value problem
has a solution.

Solution. One must have

/ MdS:/AGN(X;XO)dVZ/—5(X—X0)dvz_1'
0 On Q

Thus,

/CdS:—l :>C:—; :>C:—L.
a0

/ d4s |09
00

(2) By using Gy, find a formula for u(z)

where w« is a solution of

—Au = f(x), x €,
9u — g(x), x € 0fL.

Solution. By Green’s second identity,
/ (u(x)AGN(x;%x9) — Gy (x;%9)Au(x))dV
Q

:/aQ (MW  Glx: Xo)ag_(nx)> ds.
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then, after substituting,

/Q (—u(x)0(x — x9) + Gn(x;%0) f(x))dV = /aQ (u(x) - C' — Gn(x;%9)g(x)) dS.

Therefore,

—u(xo) + /Q G (x;%0) f(x)AV = C /8 ulx)ds - /8 _G(xixa)g(x)dS

u(xg) = _O/an u(x)dS + /39 Gn(x;%9)g(x)dS + / Gn(x;%0) f(x)dV

0
where

1
—C’/ude:— u(x)dS
oo 95 = 10 g

is a constant.

9 Consider Poisson equation. ..
Consider Poisson equation

—Au = f(x), z€R3

lim u =0,
|x]—00
where
1, if |z| <1,
€Tr) =
/(@) {O, if |z| > 1.

(1) Solve this equation (leave your answer as an integral).

Since | l‘im u = 0 promises the integrability, the solution is given by
X|—00

1

s 4m|x — X0

u(x) = . f(x0)G(x5%9)dVy, = /R f(x0)dVs,-

Substituting f(x), it leads to

1
u(x) = / — AV,
‘XU|§17XOER3 47T|X - X0| 0

(2) Find limy_,oo [x|u(x).

1 1 4 1
lim |x|u(x) = lim |x]| ——dV, = lim |x|- —— -7 = -.
|x|—00 |x| =00 |xo|<1,x0€R3 47T|X — X0| |x| =00 47T|X| 3 3
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(3) Let ¢ be the limit found in (ii). Then u(x) ~ r for |z| large. Interpret
this physically.

1
u(x) ~ — for |x| large.
() ~ 5 for [x] lang
Physically, this means that when |x| is larger enough, u satisfying the PDE decays as the
reciprocal function (u(x) ~ 1/|x|). In particular, for the electrostatic field problem, given
a uniform spherical charge, such a solution u describes how the potential diminishes with
distance when the location is far away enough.

10 (Harnack Inequality) Let u be a nonnegative har-
monic function in R". Prove that...

Let u be a nonnegative harmonic function in R™. Prove that

supu < 2" infu.
R Rn
Hint: take an arbitrary pair of points P and Q). Let R = |P — @Q|. Use the mean value

property of harmonic functions on the balls Bg(P) and Bsr(Q) (balls centered at P and
@ with radius R and 2R, respectively).

Proof. Consider an arbitrary pair of points P and @ and let R = |P — Q).
First, set point P as the center of a sphere with radius R s.t. @) is a point at the
surface S of sphere. Applying the Poisson’s formula for the n-dimension sphere,

where x is a point in the sphere and w,,_; is the surface area of the unit (n — 1)-dimension
sphere. Then, with the point y on the surface, we have

For the Poisson kernel, by max(|x —y|) = R + |x| and min(|x — y|) = R — |x|,

R2 _ |X’2 < R2 _ |X|2 < RQ _ |X|2
W1t R(R+ |x])" ~ w1 Rjx —y|™* = waa R(R — [x[)™

That is,

- R — |x
SRR, 008 S w0 < o s,

Use the mean value property of harmonic functions on the ball,

u(0) = 5 7 / u(y)dS, = —— oy / u(y)ds,,
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where €,,_1(R) is the surface area of (n — 1)-dimension sphere with radius R, we have

R2 _ ‘X|2 R2 _ ‘XP
R (0) < u(x) < R ———_4(0)
(B + [x])" (R —[x])"
rewritten as R R x?
—|x —|x
R"2 P_u(p) <u(x,) < R"? Pu(p).
(R + [xp])" ’ (R — [xp])"
Then, choose a sphere with radius 2R centered at @) s.t.
4R? — |x,|? 4R? — |xp|?
VPRI P y(q) <u(x,) <2"PRTE———"P_y(q).
(2R + |xp|)" ’ (2R — |xp|)"
Thus,
R% — |x,|? 4R? — |x,|?
Rn72 P U(p) S 2n72Rn72 P u(q)
(B + |xp)" (2R — |xp|)
AR? — [xp|° (2R — [xp))"
= ulp) < 2 ula) (2L ) D"y
R? — [xp[? (B + [xp[)"

For the whole space R", let R tend to infinity so that

u(p) < 2" %u(q) - 4 = 2"u(q).

Since supu < +oo is implied by above inequality, let sup u = u(p) and %ﬁu = u(q), then
Rn R~ "

supu < 2" infu.
R™ R~

11 (Liouville Theorem) Prove that any harmonic func-
tion u in the whole R” that is either bounded from
below or above must be a constant function. ..

Prove that any harmonic function u in the whole R™ that is either bounded from below
or above must be a constant function. Hint: Consider either u — infu or supu — u.

Proof. Suppose u is a harmonic function on R”, bounded by M. Let x € R™ and let
r > 0. By the ball-volume version of the mean-value property

-
V(B(0,7))

udl " V(B(0,r)AB(x,1))
/B(x,@ v /B(O,m dV‘SM V(BO.1)

where B(0,7)AB(x,r) means the symmetric difference of the two balls i.e.

B(0,r)AB(x,r) = (B(0,7) U B(x,7))\ (B(0,7) N B(x,7)).

|u(x) = u(0)] =

Notice V(B(0,7)AB(x,7)) — V(B(0,7)) as r — oo, thus it forces
lu(x) —u(0)] =0 = u(x) =u(0)

which says that u is constant.
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12 (Decay rate of harmonic functions) Suppose u is
harmonic in the exterior of the ball By(0) in R®. ..

Suppose u is harmonic in the exterior of the ball Br(0) in R?® such that it decays at
infinity:
lim u(x) = 0.

|x|—o00

(1) Define v(x) = MGy(x) — u(x) where G, is the fundamental solution of
Laplace equation. ..

v(x) = MGy(x) — u(x),

where Gy is the fundamental solution of Laplace equation, and the constant M is taken
large enough such that v > 0 on 0Bg(0). Prove that v is positive in the exterior of Bg(0).
Hint: argue by contradiction and use the strong minimum principle.

Proof. Suppose v < 0 in the exterior of B(0, R), we have
—Av = —MAGy(x) + Au(x) > 0.

In the region R3\(B(0, R)\0B(0, R)), the strong minimum principle promise that the

minimum function value of v is taken only on the boundary 0B(0, R), since | l‘im u(x) =0
X|—00

gives that v is not a constant function here.

That is, in the exterior of B(0,R), v > (g%i(nR)v(x) > 0, which means that the
xX€ 0,

assumption v < 0 is impossible.
[ |

(2) Prove that u decays at infinity at least as fast as the fundamental solu-
tion.

Proof. In 3-D case, there is
1
G()(X()) =—>0

 4nx| '
Assume that u(x) does not decay at least as fast as the fundamental solution at infinite,
i.e., for an arbitrary constant C' > 0, there exists r > 0 such that u(x) > CGg(x) for all
|x| > r (in the exterior of B(0,7)).
Take C'= M and an xq € R? s.t. |xo| > Ry = max{R,r} satisfying above statement,
we have

U(Xo) = MG()(X()) — U(X()) = OG()(X()) — U(Xo) <0
which is contradictory to the result of (1).
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