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1 For each of the PDEs below, find its order, linear-
ity and homogeneity.

(1) wu+uu, =0 (Burger’s equation).

1st order, nonlinear, since L{u +v] = (v 4+ v); + (u+v) - (0 4+ v), = us + v + vty + vv, +
vu, + vu, # Llu] + L{v].

(2) xur—ug, + 2z +sint = 0 (Degenerate heat equation).

2nd order, linear, inhomogeneous, since L[u] = zu; — uz, = —2x — sint.

(3)  wuu—(ugs + uyy +u,,) = —u+u* (Klein-Gordon equation).

2nd order, nonlinear.
(4) (14 ul)tpe — 2ugtiylizy + (14 u2)uy, = 0 (Minimal surface equation).
2nd order, nonlinear.
2 Classity the following equations as hyperbolic, para-
bolic or elliptic.

(1) gy + 4dugy + Suyy + uy + 2u, = 0.

Take ayp = 1, ass = 5, a;p = as; = 2. |°"" 2| = q1a00 — a?, = 1 > 0. The PDE is
21 (22
elliptic.
(2) gy — dugy + duy, + 3u, +4u = 0.
Take ajn = 1, 99 = 4, 12 = Q91 = —2. @i 12 = a11Qa22 — (1%2 = 0. The PDE is
21 (22

parabolic.

(3) gy + 2uyy — 3uy, + 2u, + 6u, = 0.

a11 Qaig

= a11Q099 — CL%Q = —4 < 0. The PDE is
G21 (22

Take aj;p = 1, A9 = —3, a1z = ag; = 1.

hyperbolic.

3 Show that the only ones that are unchanged under
all axis-rotations (rotation invariant)...

Counsider the PDE with constant coefficients

11 Ugy + 2(112Uzy + W22 Uyy + bluz + bQUy +cu = 0.
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Show that the only ones that are unchanged under all axis-rotations (rotation invariant)
have the form

a - (Ugy + Uyy) +bu =0,

where a and b are constants.

Proof. The rotation with counterclockwise angle 6 in xy-plane can be written as

cosf@ —sinf
sinf cosf )’

and let
_ [cosf —sind " cos —sin@\ (x\  (cosbzr —sinfy\ [
~ \sinf cosf ~ \sinf cosé y) \sinfx+cosfy) \y )’
Since
2 = 8—1:/1 + = % 0 _ COSHi + sinf—
or  Or 0x'  Ox 8y ox! oy’
o o 0 0y 0 0 0
oy oyor T oyoy - ° %*‘m%w
o? o, O 0 0 0?
— =cos 0
0x? 0x'? ox’ oy’ 8y
2 2 2
aay = sin 08% — 2811198a oS 8(?/ (9y
82 2 ) ) 82 2
%y = —sm@cos@(%cl2 + (cos f — sin 9) BIEN, +sm9cos€ay/2,
it comes

11Uz + 2A12Uzy + A22Uyy + biuy + bouy, + cv
=ai ((:os2 0V, + 2 cos 0 sin Qv + sin? Gvyy)
+ 2a19 (— sin 6 cos v, + (cos2 0 — sin? 0) Ugy + sin 6 cos Gvyy)
+ a9 (sin2 0V, — 25in 0 cos Qv + cos? Hvyy)
+ by (cos v, + sin v,
+ by (—sin Ov, + cos bvy)
+ cv
= (an cos? § — 2a1s sin 6 cos @ + ays sin’ 6) Vg
+2 (2&11 cos0sin b + 2a;9 (cos2 0 — sin? 9) — 2a99 sin 0 cos 6) Uy
+ (an sin? @ + 2ay5 sin 0 cos O + ags cos? 6) Uyy
+ (b1 cos @ — by sin ) v,
+ (b sin @ + by cos 6) v,
+ cv
=0 Vgr + 205Uz + ahyUy, + Djve + by, + cv
=0.

To satisfy the rotation invariance, the coefficients should not be changed under all axis-
rotations

/ / / / /
ail = @11, A12 = A19, Q22 = Ag9, by = b17 by = an
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i.e.

a1 = (a1 cos® @ — 2aq sin 0 cos 0 + agy sin® 9) ,

(@
a1o = (2@11 cosfsin € + 2a (cos 0 — sin® 9) — 2a99 sin 6 cos 9) ,
a22 = (an sin? 0 + 2ayo sin @ cos @ + ays cos 9) (1)
= (by cos 0 — by sin ) ,
= (b1 cos — bysind) .

Noticed that there must not be interleaved coefficient of terms, with applying sin?6 +
cos? = 1, a solution is given by

aip =azp, a2=0, bi=0, b =0, (2)
which exactly means the form
a - (Ugy + Uyy) + bu = 0. (3)

Besides, it is not hard to see that (2) is the only possible solution of (1) s.t. the rotation
invariant form (3) is unique.

4 Classify the following equations as hyperbolic, para-
bolic or elliptic. ..

Classify the following equations as hyperbolic, parabolic or elliptic. If the type changes
in the xy-plane, find the region for each type.

(1) (1 +2®)ugy + (1 + y*)uyy + 2u, + yu, = 0.

Take ay; = (1+2?), aze = (1 +¢?), a12 = as = 0.

air aig = a11099 — a12 — (1 T )(1 _|_y2)

A1 Q22

Clearly, (1 4+ 2?)(1 + y?) > 0 for all x,y € R. Thus, the PDE is elliptic.

(2)  Upe +(1+ y)Quyy =0.
Take ap;p = ]_, 99 = (1 + y)2, a1o = Q21 = 0.

a11 aig

2 2
= Q11022 — Q19 = (1 + y) .
21 (22

y=—1,(1+y)? =0, that is, on the line y = —1 the PDE is parabolic; in the rest of the
xy-plane (1 + y)% > 0, it is elliptic.

(3)  e*uy, + 2"y, + e*uy, = 0.
Take a11 = €2, ay = €%, a1y = agy = e*v.

a11 a2
Q21 A22

The PDE is parabolic.

= Q11022 — afg — 22y _ 2(z+y) — (.
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(4) Uz + YUy = 0.

Take a;l = 1, a9 = Y, Q12 = A21 = 0.

ailz aig

2

The PDE is elliptic on the region y > 0; it is parabolic on the line y = 0; it is hyperbolic
on the region y < 0.
(5) gy + zyuy, =0.

Take aj;p = ]_, A2 = Y, A12 = Q21 = 0.

ail Aaig

2
= Q11022 — A19 = XY.
ag1 A2

The PDE is elliptic on the region zy > 0 (that is, the z > 0,y > 0 part and z < 0,y < 0
part of the xy-plane); it is parabolic on the region xy = 0 (that is, on the x-axis or y-axis);
it is hyperbolic on the region zy < 0 (that is, the z > 0,y < 0 part and < 0,y > 0 part
of the xy-plane).

(6)  Yuyw — Uy, + uy + yu, = 0.
Take a1, =y, as = —x, ay1o = as = 0.

aix a2

2
= A11022 — A9 = —TY.
a1 G2

The PDE is elliptic on the region —zy > 0 (that is, the x > 0,y < 0 part and x < 0,y > 0
part of the xy-plane); it is parabolic on the region —zy = 0 (that is, on the x-axis or
y-axis); it is hyperbolic on the region —xy < 0 (that is, the z > 0,y > 0 part and
x < 0,y < 0 part of the xy-plane).

5 Show by direct substitution that u(z,t) = f(z+2t)+
g(x — 2t) is a solution of the PDE w; — 4u,, =0 ...

Show by direct substitution that u(z,t) = f(x + 2t) + g(z — 2t) is a solution of the PDE
Ut — 4uxx =0
for arbitrary smooth functions f and g.

Solution. Let x + 2t = a,x — 2t = b. We have

) (8f(x+2t)8(x+2t)) 0 (8g(x—2t)8(x—2t)> _,90f 00y

Uy

T ot \ oz +2t) ot ot \ oz —2t) ot ~“0tda  “otob
Y 0 (Of(x+2t)0(x +2t) +g dg(x — 2t) O(x — 2t) _ﬁ@_f_i_ﬁ@
o \ Oz +2t) O Or \ O(x—2t) Oz 0z da  Ox0b
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Also,
9 Qa0 0o _0 0

% oioa " ata ‘o ‘an
8_8@8 ob 0 0 0

9r  0xda  9xdb a9
Then,

s _p00f 000 00 00y

Ot Oa ot 0b oz Oa Oz 9b

o0 59N (0 ,0NO0g (0 ONOf (O  O)0g
=2 (2% 2%) 90 * <28a 28b> o (aa * ab) a * (aa * ab) ab

_,00f ,00f 009, 009 00f ,00f 009 00

e it A/ Wit AR Wit AU Bt S/ Dbt Y Vhuiiput- AN Wit =4

~ Jada 0b da da 0b 0b 0b da Oa 0b Oa da Ob 0b Ob
_00f) 0 dg(h)

T 0b Oa da 0Ob
=—-8:-0—-8-0

=0.

Hence, u(z,t) = f(x + 2t) + g(x — 2t) is a solution of the PDE.

(Another way to demonstrate this is by calculating w;,u, then wy,u,, directly with
f'(x+2t), g (x—2t), f"(x + 2t), ¢" (x—2t).)

6 Find the general solution of the equation Au,, +
Bugy, + Cuy, =0 (x) where. ..

Given the partial differential equation
Atzy + Bugy + Cuyy =0, (%)

where A, B and C' are constants. Find the general solution of the above equation when

(1) equation (x) is hyperbolic;
Take [ A, 99 = C, 12 = Q91 = B/2 And there is

2

B
:AC—I<O = B?>—4AC > 0.

a11 a2
Q21 Q22

(a) If A=0:
It requires B # 0, then () becomes

It follows that



The characteristics of this equation are given by

dy C
dr B’
hence C
yzE:E—i—D.

Now on a fixed characteristic curve (so constant D is fixed), we have

du C
%—ux—i_guy_f(‘r)?

from which we derive .
u=F(z)+ D,

where F' is the antiderivative of f. The constant D depends on the characteristic curve,
and hence on D. Let D = G(D) and solve for D, then the solutions are given by

u(z,y) = F(z) + G (y - %) .

(b) If A #0:
For the 2nd-order linear PDE, we have characteristic equation A(dy)? + B(dz)(dy) +

C(dz)? = 0. Rewrite as
A( WY L p (W) oo
dx dx S
and there are two real solutions

dy —B+vB?—-4AC
doz 2A a

. dy_—B-VB—IAC _
1, 5. — = A9.
dz 2A

Then, by integrating,
Yy—MT=cp, Y— AT =cCo.

In terms of ¢; and ¢y, the second-order PDE reduces to

0%*u
801 862 =0

for which the general solution is u(cy,co) = f(c1) + g(ea) s.t.

u(z,y) = fly — \z) + g(y — M)

—B+ VBZ—4AC B VBZ_4AC
=\ 24 r)ro\v- 24 *

where f, g are arbitrary smooth functions.
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(2) equation (x) is parabolic.
Take a;l = A, 99 — C, 12 = A1 — B/2 And there is

B2
=AC—I:O = B?>—4AC = 0.

@11 Aa12
Q21 A22

(a) If A=0:
It requires B = 0, then (*) reduces to

Uyy = 0.
Obviously the general solution is
u(z,y) = f(@)y + g(@).

(b) If A # 0:
For the 2nd-order linear PDE, we have characteristic equation A(dy)? + B(dz)(dy) +

C(dz)? = 0. Rewrite as
A(9Y L5 (%) Lo o
dz dz -

which comes with two equal real solutions,
dy —-B
dz 24
Then, the characteristic curves are given by

Y — Ar = Cq.

Since the above only gives one characteristic direction, we introduce the following change
of variables
cL=Y—Ar, C3=19y-+ L.

In terms of ¢; and ¢y, the second-order PDE reduces to

0%u

=
Jcy

0,

for which the general solution is u(cy, o) = ¢1f(c2) + g(c2) s.t.

u(z,y) = (y — Ax) f(y + A\x) + g(y + \v)

B B B B
= (?J—Fﬂl‘)f( —ﬁx>+g(y—ﬂx>

where f, g are arbitrary smooth functions.
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